26 J. GUIDANCE AND CONTROL

VOL. 1,NO. 1

Prediction of Jump Phenomena in Aircraft Maneuvers,
including Nonlinear Aerodynamic Effects

J. W. Young,* A.A. Schy,f and K.G. Johnson*
NASA Langley Research Center, Hampton, Va.

An analytical method has been developed for predicting critical control inputs for which nonlinear rotational
coupling may cause sudden jumps in aircraft response. The analysis includes the effects of aerodynamics, which
are nonlinear in angle of attack. The method involves the simultaneous solution of two polynomials in roll rate,
whose coefficients are functions of angle of attack and the control inputs. Results obtained using this procedure
are compared with calculated time histories to verify the validity of the method for predicting jumplike in-

stabilities.

Introduction

ANEUVERING airplanes sometimes undergo sudden

divergent motions not predicted by the usual linearized
response analysis. Since the study of Phillips,! which
predicted a ‘‘roll coupling’ divergence for a range of roll
rates, many extensions of his analysis have been published.
Pinsker? and Rhoads and Schuler? showed that Phillips’
critical roll rates were related to pseudosteady solutions of the
equations of motion. They also conjectured that the “‘jump”’
phenomena observed in simulated maneuver calculations were
transitions from one pseudosteady solution to another.
Generally, however, analyses of this problem have aimed
primarily at obtaining predictions of peak incidence angles («
and @) in maneuvers, using roll rate as the independent
parameter. A recent paper by Hacker and Oprisiu* makes an
important contribution in this direction by accounting for
gravity effects, using g/V as a small parameter in a series
expansion. They also present a review of previous work and
an excellent bibliography.

The present study is based on the belief that accurate
analytical prediction of peak values in coupled maneuvers is
not as important as reliable prediction of critical conditions
for which jump phenomena may occur, since accurate
dynamic simulations are generally available which can
calculate the motions in the critical conditions when these
have been identified. Therefore, in this analysis, the control
deflections are made the independent variables, and an
analytical method is developed for predicting critical control
inputs for which nonlinear rotational coupling may cause
sudden jumps in aircraft response. A previous paper?
described a simplified version of the method in which
aerodynamic effects were assumed to be linear. The objective
of the current study is to extend the analysis of Ref. § to
permit the aerodynamic effects to be arbitrary functions of
angle of attack.

In Ref. 5, pseudosteady-state solutions were obtained by
solving a single polynomial in roll rate with coefficients that
were functions of the control inputs. The present analysis
requires the simultaneous solution of two polynomials in roll
rate whose coefficients are functions of angle of attack and
the control inputs. As in Ref. 5, the solutions are referred to
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as pseudosteady states (PSS), since they neglect the effect of
varying weight components in the body axis.

Results obtained using the PSS prediction procedure will be
given for a variety of maneuvers by a fighter-type aircraft.
Time history responses also will be presented to validate the
prediction procedure.

Analysis

The nonlinear equations of motion used in the calculation
of all time history responses are given in the Appendix. Air
density and speed are assumed to be constant, and sideslip
angle (8) is assumed to be small. Principal axes are used.

To obtain equilibrium or steady-state solutions, it is
necessary to solve the nonlinear equations of the Appendix
with all time derivatives set to zero. This approach was used in
Ref. 6 to calculate equilibrium spin conditions for aircraft.
Because of the vertical weight force, the resulting motions of
Ref. 6 consisted of spiral paths about a vertical axis. The
pseudosteady states differ from these true steady states in that
the Euler angle variations, which determine the weight
component variations in body axes, are ignored. This ap-
proximation is appropriate in analyzing rotational coupling
effects in rapid maneuvers, since it eliminates the constraint
that the rotational velocity be about the vertical axis. This was
achieved by ignoring the ¢ and 6 equations in the PSS analysis
and assuming 8 =60, and ¢ =0 in the g/V terms in the force
equations (i.e., the & and 8 equations) of the Appendix. The
resulting five equations, with their time derivatives set to zero,
are used in the following analysis to obtain PSS solutions.

Solution for Pseudosteady States
The equations used in the PSS analysis can be written as

PG —Brig(a) =i, (@) =hy(&8,,8,) +pi, (&) ¢y
gm,(a) +pr=—my(&, §,) 2
—q+pB=2y(a, 8,) 3

—F cosa+p sina +Byg (&) +py, (&)
+iy (@) +yo(& 6,,0,) =0 @)

B/ (&) +7l, (&) + 5L, (&) + 1y (@,8,,5,) = GF )
where

ﬁo(d, 6a’6r) =ﬁ6a (d)6a+ﬁ6r (d)ar

1y (&, 8,) =m(&) +m;, (&)8,
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Zo(@, 8,) =Z(a) +Z,, ()b, + (8/V) cosb,
}’o(d, aa; 6r) =yéa (d)aa +y6,. (d)ar

Io(&, 8,4, 8,) =, (@), +1; ()8,

The overbars in the preceding equations indicate PSS
solutions. Hereafter, for convenience, the arguments for the
aerodynamic coefficients will be dropped.

Equations (1-3) are linear in g, 3, 7 and can be solved for
these variables as functions of p, &, and the control inputs.
These equations can be written in matrix form as follows:

p —n ng q Ry A,
m, D 0 Fl o= —my | +p 0 (6a)
-1 p B Z, 0
The determinant of the preceding matrix is given by
D(a, p) =p’ ~p (g —ﬁlqﬁr.) (6b)
Solutions for g, r, and 8 are as follows:
q=[ A,p’ +hpp? +p(AigZ,—gh,) /D )

F={ =P (g + iy Ry) — Pritg g+ fig (tig — Zotitg ) 1/D (8)

B=[p?(Zy+1hy) + DAy~ A, (rhy —Zyig) 1 /D ®

Substituting these values for g, 7, and § into Eq. (4) gives the
following quarticin p:

A+ A PP+ AP+ AP+ Ap=0 (10)
where
A=y, tsina
A;=y,
A, =yg(Zy+1hy) + (¥, +sina) (Mg, —Ag)
— (¥, —cosa) (H1y+ M A,)
A=y (g A, —Ag) +Ag[ys — 1y (¥, ~cosa) |
Apg=—(Mg—Zoy) [Ysh, — g (¥, —cosa) ]

The final equation to be considered is the rolling Eq. (5). In
most roll-coupling studies, the gr product is assumed to be of
minor influence and is neglected. Here, both cases gr=0 and
gr#0 are presented. Substituting Eqs. (7-9) into Eq. (5) with
gr=_0yields the following quarticin p:

B4ﬁ4+33ﬁ3+32ﬁ2+3,ﬁ+80=0 an
where
B, ;ip
B_; Zio

By=1,(m A, —fg) +I(Zy+A,) =1, (Mg + My h,)

B, =1, (Mg h, —Ag) + Ay (lg—1.mm,)

Bo= (1= Zothg) (g ~ 37,

For the case where the gr term is included, we obtain from

Eq. (5)

CsP  +Csp> +Cop?* + C3p* +Cop? +C1p+Co=0  (12)
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where
C6 = ‘p
Cs=1,

Cy= Mg+ rrghy) (A, —1) + 20, (it fi, ~ Aig) +15(Zy+ A,)
Cy=fg g+ 1y + 1, (20, —1,) 1 +21, (i A, — i)
Cr=(thy—Zoiiry) (1,75 —Igh, — figh,)

+ (AgZy—imgh,) (g + A1 h,)

+ (Mgh, —hg) [, (Mgh, ~fig) +15(Z,+7,)

—1, (thg + i iy ) 1 + g2 i,

N - ] -

Cy= (g i, —ig) [y (A, ~Ag) +ﬁ0(iﬁ —ir’;lq)]

Co= (mo—Zomq) [(rhqﬁr~'ﬁ6) (Zrﬁﬂ_iﬁﬁr)

_ﬁﬁ (ﬁBZO_thﬁr)]

Consider the case where gr=0. Simultaneous solutions of
Eqs. (10) and (i1) will yield PSS values for p and & for
specified values of the control inputs. Various iterative search
algorithms could be used to find values for p and & which
satisfy Eqs. (10) and (11). The search procedure employed in
the present study will be described now.

For fixed values of the control inputs, a ‘‘sweep’’ is made
through the angle-of-attack range under consideration.
Solutions to Eq. (10) are obtained at each of these & values.
The p solutions, if real, are substituted into Eq. (11), and
residuals are computed for each value of p. If the residuals
from Eq. (11) change sign between successive values for &, a
common root of Eqs. (10) and (11) exists. If the common root
is not a root of the determinant [Eq. (6b)], an iterative
procedure calculates the angle of attack required to reduce the
residual to within a specified tolerance. Having determined
the p and & values that satisfy Eqs. (10) and (11), g, 7, and 3
are computed from Egs. (7-9). The linearized stability
characteristics for perturbations about the PSS solution then
are calculated. The & sweep is continued until all PSS
solutions are obtained for the specified set of control inputs.

For the case where gr#0, the search procedure is the same,
with residuals being computed from Eq. (12) instead of Eq.
(11). This search procedure has been implemented on both a
high-speed and a minicomputer, and solutions to the two
polynomials can be attained rapidly for any combination of
elevator, aileron, and rudder.

Stability of PSS Solutions

The stability of the PSS solution was calculated by inserting
the PSS solutions into the first five equations of the Appendix
and linearizing about the PSS values. The matrix whose
characteristic roots determine the stability of the perturbed
motion is

n, -J.p n’ ng n,—J.q ]
e J,p my m’ 0 Jytj
0 1 VA -p -8B
Y, —cosa 0 p+Y’ Ys Yp+sing
l,—J.q - J, 7 I Iy l, J
;-1 I,—1 Iy~1
J = z=ly J,= z2_'x J.= y ~ix
Iy Iy I,
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Also,

Y =y BtV DY, FH+Ys, Sty 8,
z'=Z,+7Z;, S,
o
l,=lﬁ B+[p ﬁ+l, r'+l5a 6a+l¢§ 5,.
o o 22 o I'a
m’=m,+m;, o,

n'=ng B+n, p+n, r'+n5aa 6,,+n5ra 5,

The absence of carets on the moment derivatives indicates
that the inertia ratios are not factored out as in the equations
of the Appendix. For example, n; = c}’SbC,m /1.

It should be noted that the stability characteristics as
defined by Egs. (13) are approximate, since the effects of the
varying weight components are neglected. Also, stability
derivatives in column 3 of [A] were obtained by computing
numerical slopes. This procedure can introduce discon-
tinuities in these stability derivatives at break points in the
tabular aerodynamic data used in the computer program.
These approximate stability characteristics were considered
adequate for this exploratory study, since the PSS solutions
are only approximate steady states.

Aircraft Characteristics

Variations with angle of attack of the significant
aerodynamic coefficients used in the analysis are given in
Figs. 1 and 2. For a <30 deg, these data were obtained from a
simulation of a fighter airplane flying at 45,000 ft and Mach
number 0.9 (V=870 ft/s and dynamic pressure = 175 Ib/ft?).
To extend these data to higher angles of attack in a simple
manner, values for each curve were chosen at o =35 and 40
deg, which could be extrapolated linearly to give reasonable
values at higher angles of attack. The principal axis inertia
characteristics Iy, Iy, and I, for the assumed aircraft are
24,960; 122,186; and 139,800 slug-ft 2, respectively.

Results and Discussion

The method has been applied to a number of examples for
the assumed aircraft. Three of these examples will be
examined in the present paper. The first of these is for aileron-
roll maneuvers that are initiated from a 1-g trim condition
(L =W, pitching moment =0). In the second case, a pitch-
down elevator that produces a negative-g maneuver (—0.65 g)
is used in combination with the aileron. In the final example,
a pitch-up elevator that corresponds to a 2.1-g puli-up is
applied, together with the aileron. PSS solutions will be
discussed for each of these three examples. Time history
responses then will be presented to validate the PSS analysis.

PSS Solutions

As discussed in Ref. 5, the existence of multiple PSS
solutions can lead to predictions of jumps in the response at
certain control input combinations in two situations. If the
basic solution disappears at some control combination, the
response certainly would be expected to jump to the vicinity of
another PSS solution. Also, if the basic solution remains
stable but comes close to another solution, the perturbed
response .may enter the domain of influence of this other
solution, and a jump may occur. In some examples of Ref. 5,
this occurred when the nearby solution has a divergent
stability characteristic. The response then jumped (diverged)
to the vicinity of another stable solution. In this type of
example, the prediction of the jump responses is not as clear
as it is when the basic solution disappears. However, the main
purpose of the PSS analysis is to predict when jumps may
occur, so that these cases may be examined in detail in a
complete six-degree-of-freedom simulator program. These
two possible types of jump response prediction now will be
used in analyzing the PSS solutions for the three example
cases.
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Fig. 3 Roll-rate and angle-of-attack PSS solutions for 1-g trim
condition (§, = — 2.8 deg).

One-g Trim

Figure 3 shows PSS solutions for roll rate and angle of
attack at various aileron inputs for the 1-g trim flight con-
dition. Solid lines represent stable solutions. Dotted lines
represent conditions from which a divergence would occur.
Dashed lines should be considered potential attractors, since
they contain only a slightly unstable oscillation. Also, as
previously mentioned, the approximate nature of the stability
analysis makes it impossible to distinguish between
marginally stable or unstable modes.

As shown in Fig. 3, there are five PSS solutions at each
aileron input. The basic solution (curve 1, starting at 5 =0 and
8, =0 deg) represents the only stable condition. All other PSS
solutions are either divergent or oscillatory unstable. Since the
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basic solution remains stable for all aileron deflections, the
only possibility for a jump prediction is if the basic solution
gets close enough to curves 2 or 3 to come within their domain
of attraction. Although the basic p solutions of Fig. 3 do seem
to come close, the & solutions are still far apart at §, = 30 deg.
Since « is such an important parameter in determining the
characteristics with nonlinear aerodynamics, it seems very
unlikely that a jump would occur. Nevertheless, there is
enough uncertainty in this case to require confirmation by
checking simulated responses.

The results of Fig. 3, as well as for the remaining PSS
solutions to be presented, were calculated under the
assumption that the product gr {Eq. (5)] is negligible. A
limited number of results were obtained for which the gr term
was included. Inclusion of this term was found to increase the
computational difficulty of obtaining simultaneous solutions
to the two polynomials. However, only minor differences
existed between the PSS values obtained, and no new
solutions were introduced for the cases considered. Future
studies will investigate the significance of the gr contribution.

Negative-g Maneuver

Figure 4 shows PSS solutions for p, &, and § for the
—0.65g maneuver. [The § solutions for curves 5 and 6 are
not shown, since they remain small (I81<2 deg) for all
aileron deflections. ] For aileron levels less than about 15 deg,
five PSS solutions exist with only the basic solution (curve 1)
being stable. At about §, =16 deg, two additional divergent
PSS solutions appear. Also, for aileron levels greater than
about 20 deg, the basic solution disappears, and curve 4
becomes stable. Thus, we would expect a jump in roll rate for
6, greater than about 20 deg. Since curve 4 is the only stable
PSS solution at large aileron deflections, we would expect g to
attain the levels shown on curve 4.

Solution 5 is a very unusual one. It might appear from Fig.
4a that this solution might play an important role in any jump
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Fig.4 PSS solutions for negative-g maneuver (5, =4 deg).
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responses for §,>20 deg, since this p solution is near the
curve 1 values. However, Fig. 4b shows that &; is very far
from &, so that (as in the previous case) these two solutions
are not really close in state space.

Positive-g Maneuver

Figure 5 shows PSS solutions for the 2.1-g pull-up con-
dition. Note that there is a roll reversal (positive aileron
normally gives positive p) in the basic solution (curve 1) and
that the solution disappears for ailerons greater than about 4
deg. Also, only divergent and oscillatory unstable PSS
solutions exist for §, >4 deg. Since the predicted roll rates for
the basic solution are very low, even when it disappears, there
is some doubt of the validity of the PSS approximation that
varying weight components are of secondary importance.
This approximation assumes rapid maneuvers, in which the
aerodynamic moments and rotational coupling effects are
dominant. Therefore, this case should provide an interesting
test of the range of validity of the PSS analysis. The
predictions from the results of Fig. 5 would be that there is a
roll-rate reversal for very small aileron inputs, that some sort
of jump should occur for inputs greater than approximately 4
deg, and that very irregular responses would be expected for
larger inputs, since there are no stable solutions.

Time History Responses

Time history responses now will be presented to validate the
PSS results of Figs. 3-5. Unless noted, all time histories were
calculated with the varying gravity components included.

One-g Trim

Time history calculations were found to be in good
agreement with the PSS predictions of Fig. 3. At all aileron
deflections, the steady-state value for all variables was close
to those predicted by the basic solution (curve 1) on Fig. 3.
Calculated roll-rate responses to aileron values of 15 and 30
deg are shown in Fig. 6. As can be seen, the responses are
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~— = UNSTABLE OSCILLATION
----- DIVERGENT
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deg/sec 0
1
L-7%
50—
5 e
-100 1 ] 1 | | J
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& _, deg
a
Fig.5 Roll-rate solutions for positive-g maneuver (6, = — 10.8 deg)
80—
p.
deg/sec

! L | J
0 5 10 15 20

TIME, sec

Fig. 6 Calculated roll-rate responses initiated from 1-g trim con-
dition for two aileron inputs (5, = — 2.8 deg, oy = 5.4 deg).
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close to the PSS prediction. Similar agreement was found for
o, g, r, and 3.

Negative-g Maneuver

The PSS solution of Fig. 4 predicted a jump in aircraft
response for values of aileron greater than about 20 deg for
the negative-g maneuver. Time history calculations verified
this response, as well as the other PSS predictions of Fig. 4.
For 6, <20 deg, the steady-state responses were close to those
predicted by curve 1 of Fig. 4. The jump occurred for §, =20
deg on time histories calculated with constant gravity. On
time histories that included varying gravity components, the
jump occurred for aileron deflections of about 22 deg or
greater.

Figure 7 illustrates the aircraft response before and after a
roll-coupled jump for the negative-g maneuver (varying
gravity components included). For this case, the aileron was
maintained at 18 deg for the first 5 s and then increased to 24
deg for the remainder of the run. The p, o, and 8 responses at
5 s are in good agreement with the PSS predictions on the
basic curve of Fig. 4 for §, = 18 deg. When the aileron is set at
24 deg after S s, the tendency to diverge is evident first in 8
and p. Apparently the increasingly negative sideslip acts
through the dihedral effect to accelerate the rolling. Finally,
after around 12 s, o suddenly diverges toward the positive
PSS solution of curve 4 on Fig. 4, and all of the responses
show violent oscillations in the vicinity of this PSS solution.

Although the initial rapid divergence associated with roll-
coupling is the important aspect of the analysis, it is of in-
terest to check the PSS predictions following a jump. Con-
tinuation of the history of Fig. 7 beyond 20 s would show p,
a, and B gradually converging to values near the PSS
predictions. This is illustrated better by using aileron levels
further removed from the critical aileron region of about 20-
22 deg. Shown in Fig. 8 are p, «, and 3 histories for an aileron
of 30 deg. As shown, the postjump responses are close to the
PSS predictions of Fig. 4.

Positive-g Maneuver

As previously mentioned, the low roll rates associated with
the positive-g maneuver are not of the type for which the roll-
coupling analysis was intended. Although precise predictions
of critical control inputs would not be expected in this case
when the simulated responses include the rotationally varying
weight components, it is interesting to examine the time
histories as a check of the range of validity of the PSS
predictions. Note that the results in Fig. 5 predicted roll
reversal at small aileron values, and that there were no stable
solutions after the basic solution disappeared at aileron values
greater than 4 deg. )

Time histories without varying gravity components were in
good agreement with the PSS predictions of Fig. 5, with the
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Fig. 7 Calculated responses initiated from negative-g condition
(6, =4 deg, ap = —5.1deg).
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Fig. 9 Calculated roli-rate responses initiated from positive-g

condition (3, = — 10.8 deg, oy = 16.6 deg).

jump occurring at an aileron of about 4 deg. When varying
gravity components were included, the jump was slower in
developing and occurred at an aileron of about 6 deg.

Shown in Fig. 9 are roll-rate responses at three aileron
levels for the constant-gravity case. The roll reversal
prediction of Fig. 5 is verified in Fig. 9. For §,=3 deg, the
roll-rate response is in agreement with the basic solution
(curve 1) of Fig. 5. For 6, =6 and 15 deg, the jump is seen to
occur. Following the jump, wild oscillations occur in all
trajectory variables, since no stable solutions are present.

The results that have been presented are of a preliminary
nature and have validated the PSS analysis. In the present
analysis, rudder inputs were not included. Future studies will
include the combined effects of aileron, elevator, and rudder
and will investigate a variety of practical aircraft examples.
The importance of the gr contribution also will be in-
vestigated for a wider range of examples.

Concluding Remarks

A method has been presented for predicting critical control
combinations that may lead to jump phenomena in
rotationally coupled maneuvers of aircraft. This
pseudosteady-state analysis permits the aerodynamics to be
arbitrary functions of angle of attack. The method was ap-
plied to several examples for a fighter-type aircraft. Time
history responses verified the validity of the procedure for
predicting jumplike instabilities.

Appendix
The nonlinear equations of motion used in the calculation
of response time histories are as follows:

Iy—1I . ) .
F= YI X [ —pq+Brs () +ph, (@) +ri, ()
. v

+ 75, ()8, + 75 ()] (Al
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a= 27X et gring (@) + 6y () + it (o) +1it;, ()8, ]
Y (A2)
a=q-pB+Z(a) +Z;, ()8, + (g/V)cosh cosp (A3)

B= —r cosa+p sina+0Byz(a) +py, ()
+"y,'((1) +)’aa (a)6ﬂ+y5r (0{)6,+ (g/ V)COSO Sin¢ (A4)

p=’2—1;1—’[—qr+ﬁiﬁ<a)+pi,,<a>

+rl (@) +1;, ()b, +15, (2)8,] (A5)
é=p+tanb(q sing +r cosp) (A6)
6=gq cos¢ —r sing (A7)

The preceding equations are written in principal axes, with
the assumption that speed and air density are constant and
that sinB=@. The carets on the dimensional stability
derivatives indicate a type of derivative generally used in roll-
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coupling analyses. For example,

. GSb C qS
Hg= Has —
BT =1y " TP my s
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